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XVI. Researches in Physical Astronomy. By Joun WiLuiam Lussock, Esq.

V.P. and Treas. R.S.
Read June 9, 1831.

I PROPOSE in this paper to extend the equations I have already given for
determining the planetary inequalities, as far as the terms depending on the
squares and products of the eccentricities, to the terms depending on the
cubes of the eccentricities and quantities of that order, which is done very
easily by a Table similar to Table II. in my Lunar Theory; and particularly
to the determination of the great inequality of Jupiter, or at least such part
of it as depends on the first power of the disturbing force. That part which
depends on the square of the disturbing force may I think be most easily
calculated by the methods given in my Lunar Theory ; but not without great
care and attention can accurate numerical results be expected. I have how-
ever given the analytical form of the coefficients of the arguments in the
development of R, upon which that inequality principally depends.

It is I think particularly convenient to designate the arguments of the
planetary disturbances by indices. The system of indices adopted in this paper
is given as appearing better adapted for the purpose than that used in my
former paper on the Planetary Theory; but it is not advisable to make use
of the same indices in this as in the Lunar Theory.

I have also given analytical expressions for the development of R to the
terms multiplied by the squares and products of the eccentricities inclusive,

and for the terms in » (%?) multiplied by the first power of the eécentricities,

which are I believe the simplest that can be proposed.
The following are the arguments which occur in the Planetary Theory.
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Column 1 contains the index.

2 contains the index of the argument, which is symnietrical.
—— 38 contains the index used Phil. Trans. Part I1. 1830, p. 349.
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2113l 8lita=2nt—nt—w 130 |.. 6912y, =2nt— 2,
22132 9|2t+x=3nt—2nt—w 1811 .. | 71|t —2y=nt—3n,t 4 2y,
23| 33/10{3¢t+x=4nt—3nt—= 132 7312¢—2y=2nt—4dnt+4 2v,
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224
225
171
172

174
190
191
192
193
194
201
202
203
204
150
161
162
163
164
151
152
153
154
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2t—a+2z=nt+w— 2w
St—a42z=2nt—nt+o— 2um,
dt—r+22=3nt—2nt+ o2,
t42—2z2=2nt—3nt—w+ 2w,
2t+2—22=3nt—4dnt—w4+2w
3t+ao—2z=dnt—bnt—w+2a,
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TasLg L.

Showing the arguments which result from the combination of the arguments
10, 50 and 150 with the arguments in the first or left-hand column, by
“addition and subtraction.
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Tasre I1.

Showing the arguments which, by their combination with the arguments 10,
50, and 150, by addition and subtraction, produce the arguments in the
first or left-hand column.
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TasrLe II. (Continued.)
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The following examples will show the use of the preceding Table, in forming
the equations of condition which serve to determine the coeflicients of the in-
equalities of the reciprocal of the radius vector and of the longitude.

1
de.rd — 1 f (dR\ _
-G T et g iR () =0
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r=ellir3e(14+S)=se(14+ 3 e e
S e +_8—e cos(nt«l—s-—w)+—8—cos(3nt+35-—3w)
(n —mn)2 3e?
"'"T“)-{(l"‘?’eg)rl—‘29‘(7'11'1'7'21)}"7"14‘%91:0
4(n —n,)? 3
,.__n?L)_{(l+3e2)r2—-—2—eg(rm+r%)}——r2+7—2~‘qg=0

d R
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1+ = +2e(l+-8i)cos(nt+e—w)+§2e—gcos(2nt+2s-—-2w)
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=

o,
-

al

2

=

+?e3cos Bnt+ 3e—3w)

2
.f:.: 1 +e(l -%)cos(nt+s—w) +etcos (2nt+ 2 —2m) +%e"cos(3nt+3s—3w)

A=nf{l+2r}t+e

+{ 2 {7'1+ f—; (ru + TQl)}

ml 1 e? GNR e? elan R‘zl n .
{< ty 2 (n—n,) anR“+(2n_nl) (n___nl)sm(nt--n,t-i-s_.gl)

+{ 2 {TQ‘*‘ '%Q‘(Tm'i'rm)}

an R, 2egaan 2e2an Ry, n . .
{(l + ) o= n,) n—2n) + Grn=2n,) Q(n_nl)sm(2nt——2n,t+s-a‘)

In the same way, by means of the Table, all the other coefficients may be
found.

The great inequality of Jupiter consists of the arguments 155, 174, 213, 273,
and 312, the variable part of which is 2% — 5 n;, and arises, as is well known,
from the introduction of the square of this quantity, which is small, by succes-
sive integrations in the denominators of the coeflicients of the sines in the ex-
pression for the longitude, of which the above named are the arguments.

The following are the equations which have reference to these arguments,
and which may be found at once by Table II.

_— 5 . =
(271 n)*? {7'15 - Tsq + } — T35 + 9155 0
9 2 3 | m —
(_75_._.7;.%_5_""_)_. {7‘174 ol ? 7‘74} — T4 Fl(a T4 0

—- 2
M{"am - -32—”'113} — Ty + 7&,;’19914:0

nQ
2pr2
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2n—5mn)2 3
‘(‘“‘H{Tws"——z"'lss}—"&us'l‘ "—%;ﬁq@73=0

2n —5n)?
LL,T%&)" {Tsm_ 7'312} + Ln“{;a' 9310 =10

I ={ 2 {7'155 +-;—<7'55 + 75 +—g— ”'4)}

m, 5na S5naRy 4 5.5naR, 13.5naR, } ne

(2n—5n,)R‘“+(3n—5n,) 43n—4n) +8.5(n—n,) (2n—5n)

‘i'{ 2 {7174 =+ %‘ (14 +7'34)}

4naR,, + 4na R, +
(2n—5n)  @Bn—>5n) 4@n—05imn)

» 1 m,{ 3”“Rm 3nal, } nee? sin(2nt—bntt+w2w
+{2{TQ‘3+”2"'“3} @n—5n) Gun—bnyJ [@En—bmn) ( et 2e)

m 3naR 3naR nesin9~'2i
2 et} - 273 133 1 t___5 t
{ {nm + 7'133} {(2n_5n,) Gn_5n) }(2n—5n,) sin(Znt—5m,t+w+2)

sin(2nt—5nt 4 3w)

sin @nt—=5nt+2w+ w)

5.4.naR,, nede,
(2n—5n)

ne,sing-‘-L
sin 2nt—5nt 4@ + 2v)

_2mnaR,,
+{2’3‘2 w@n—bn) ) @n—"bn)
The quantities ry, 75, 73 and r;; have the quantity 22 — 5%, in the

denominator, rejecting those quantities in the value of 8A which have not
(2n — 5n,)? in the denominator.

I dmnda R, e
P w(n=bn)3n—>5n)2n—b5n)

o 4m;na R, e,
T T wm—5n)3n—5n)2n—5mn)

S 4m, n®a Ry ;ee
MW T (n—bn) (3n—bn)(2n —bn,)

3 soo b
4m;n*a Rygesin? =

Tors = —y.(n—ﬁ n)Bn—>5n)(2nrn—>5n)

3 q
4mn®a Ry, e sin® L

Ts1e = =

wm—>5n)B3n—>5n)2n—>5n)

5mnaR n e’ .
SA= {2r155+ gy — ,1,(2‘71—57;,5)5 Tn—5m) sin(2nt—5nt+ 3w)

4mna R, nee,
w(@2n—5n)) 2n—>5n)

+{2r,74+r74— sin(@nt—5nt+2w 4+ w)
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3m,an Ry, nee?

p@n—tn)f @u—guy " ErETIm k@ 2E)

-+ {2 Tos+ s —

N
nesin? -
3m,an Ry, 2

w@n_sn)] @n—5n) sin(2nt—=5nt+ =+ 2v,)

+ {2 Tors + Ti3s —

.
o nesin? -
# {2r— 2mani 2O
w@n—>5n)) 2n—>5n)

sin(2nt—5nt+ @, + 2v)

The coefficients of the terms in the development of R multiplied by the cubes
of the eccentricities, as regards the quantities &; and 6,, (they also contain the
quantities b,,) may be found by changing b; into b;, in the terms in R multi-
plied by the eccentricities, and multiplying the result by

_ _g_ (a®e ;I-;Fe;g) eacosgx__ 2 (e%+ e?+ 2sin? 2L 5 )cost + 2 —-e“’cos(t—}- 2 1)
[0] | “" [50] . [1] Y [61]
— —196._ efcos (t —22) + = 2 ecos (t—22) + = — 99005(t+2z) + gz ieelcoq (t —x42)
pny [51] " pen " [91]
gb 9 3 a
- —8—-2—664008(5+x+2) —— —Z—‘ ee,cos (t —x —z) +5 —a-‘ee,cos(t+«’v-—2)
[81] [71] : [101]
3 @ o b g 3 .
+ _2._7‘_15111 _2_cos(t+ 2y)+ g @ cos2z
[141] [110]

and changing &; into 4,, in the terms in R multiplied by the squares and pro-
ducts of the eccentricities, and multiplying the result by

5

-5 and — 71_ ecosx+ 22 ¢cos (t— @) +_—- e,cos (t + z)-—-—-ecos(t+ )
mp g Y Y g
—-—Z— ecos (t —z) —2ecosz
' [31] [30]

and changing &, into &, in the terms in R multiplied by the squai'es and pro-
ducts of the eccentricities, and multiplying the result by — —i— and the same
quantity.
Thus R;;; results from the combination of the arguments
51 x 14, 50 x 15, 61 x 16, 16 x 55, and 11 x 54.

3a a? a
51 X 14g1VES +32 g, 4agba,3 2a,3 55,4—' mbﬁ,s}
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0 3a Be b a b
5 x15 glVGS -+ Isag 4ag 5,4 Ws alﬂ 5,6
3a @ 3 a
Ta2 " Zas 5,6_1—‘1“; 5,7
3.9 a® 3 s+3 3a bs,

61 x16g1ves+32a
3a . a®
2.4.4qp "

3a?

aQ
6,5_'1"3-;‘3 3,6
T 2.4.de3 "

_ 3a® (2a3-3a,9)b ‘__ 3 a
2.4.2 o 2 2 dap
changing &; into — %;bs,, and &, into— — &,, we have
63‘;965"*+32a3b5'5+ bs'“"'%ﬁ% " —%%3%56% ™
+2 Za; (2ag;»3a'2) bus + 51 456 84 brs + g i i 62731)”
=%£‘3b5,4+%% o F oy 9 L1 b5,5+g 2:7 {“g;“' b”—_-b l'b,,6
R ALY e S CELA S A FICIE
and sinced,, =Lt a%, Ly 24,
] 1 i
455,4:._2__;.‘{1;,3_6,, 565,5=%%{b,,4~b;,6} GbJ,B._._—-—{b% )
=6§ﬂf‘.‘-bb,4+ Sbs,s+64agb56+ 15 o2 a5t +§%aiﬁ 5,4_%%65,5—%%26“(,
RN Wy
3,,@2(.2::;. 2_::5“'9)"65’* T2 ?:Z Wi g Za Z ap b
Similar changes and reductions give
19 a® b5»4“52§a§b5.5

57 a b« —
6da® ™  32ap
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3 a3 a a® a 3a>[3 a a® a
=3 @}s a, _ @ g _ & S8y % p %y
R, 32714 aﬁbf"s 2ap 4aﬁbs’5} T6a214 aﬁb“ 24} Bas 4aﬁb"6}

9a [ 3a a? a a (75 a 27 @2 3 a
By - - 2 Ji>a 28y
32a, 4a2 ™" 2q} b= 3 a? bs"} a® 164 a2 b~ 324 a} a3 0o — 64 a2 b°'6}

. 57a, _19a, a }
+3a 64 ™ " 32ap Mt Bhap
and adding the terms which depend upon 6,

45 a*b 63 a® b +(2laﬂ+96a9) @b, ,

%324 1284

a at a
Rws:gﬁ ap 63,4 162 bS,.: + 1247 bs,6 +

e 9 a2,
Bdap 0T 128a}

which may be still further reduced. Rz, Ry, Ry, and Ry, may be obtained
in a similar manner.

The following Table shows the arguments which, by their combination with
the arguments 1, 2, 3, 12, 13, 31, 32, 64, 65, 73, 74, 112, and 113,
by addition and subtraction produce the arguments 155, 174, 213,
273, and 312. '

| 1] 2|38 |12|13|31 |32]|64)| 6573 74 112'113[
TR 0 Il el Bt ol o 3 W vl vl Dol S
e PRI L B T | e (20| | e
SERIE SR a1 Bl e IOl I B ) ) v e e
ers{ 2| HLIHN I b e (s |2 || | fers
sie{ S ITIITI |L ( || |ee | L | e

If
7 0. L 7' cos (nt —n,t) + r'ycos(2nt = 2nt) + r'ycos (B3nt —3nt) +er'ycos(nt — 2nit + @)
T

+er'scos(2nt—3nt + @) + &c.

7,8 rl =r/ cos (mt—nt) + r/sc0s (2nt — 2n,8) 4 1/5c08 (3nt—3nt) + er/,gcos (nt — 2t + @)
1

+er/scos(2nt —3nt 4+ =) 4 &e.
3A =a,s8in (nt —nt) + Agsin (2nt— 2nt) + A;sin(@nt —3nt) + eApsin (nt—2nt + @)
+ eAygsin (2nt— 3t + @) + &e.
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A =a,sin (0t —nt) + Agsin (2nt—2nt) + Agsin (Bnt —3nt) +eA, psin (nt—2nt+ @)
+ ex,gsin (2nt—3nt + =) + &c.
Supposing that the arguments 1, 2, 3, 12, 13, 31, 32, 64, 65, 73, 74,

112, 113, 155, 174, 213, 273, and 312 are alone sensible in B.%, o2,
B%and 02, the coefficient of €3 cos (2n¢ — 5n¢ + 3w) in the expression for

i
dRord Ry

=——;—{adéf”4+ad fl’ﬁ T'1+{2R154'-3R156} {)‘1—}‘11 {adRUS adRm 7'y
ad.R ad.R
{3R153 7R157} {7‘2")‘12}_?{ dam+ da”’“}’”'a
' d.R
+{Rm—4Rm} {rn =)= 28Rt 2 my{an =2}
d.R
ang52 7'13 + R_’)Q AIS - }‘113} - a2 dlZM T,ll + 2R64{}“11 - Alll}
dRy dR
g-g—d&*i' ——-Rg,{’\m }*no}"’a d;%7"73—R192 }\73_‘>‘l73}"‘a d:s"'m
1 ad.R a,d.R a,d.R
—"Q—RLOS{AH"')‘;%}_ - 07"155—'—2‘ lda‘ 154 4 /dalnsa 7/,
_—f{alddaRlss + a/dd-aRl.w )y — 5 {a/(;flm a/‘lflbe ,,,‘Is_a12dd-f53 7—'/,12
i i i { ]
_ad. R52 ! a,d.R64r, __a,d.Rﬁﬁr, a,dRm _a,dRmT _ad. R0 ’
2da, '° T " 2de "7 2de, T “2da, ™ “2da, T “da,

In the same way the expression for 8. Ry, 0. Ry, 0. Ry, and 0. Ry, may

be found from the preceding Table.
If a < @, and

a a2 _..;.
— —cosf + — =1b, 1,1 €08 12 .
{l ) 9+“/2} 26,,0% + b,,,cos 0 + b, ,cos20 &c
“ el —F
I — Zcosf + — =15, ,*% 4 by, cos 0 + b, , cos 2 &e.
a aez 273 s s

R_.m,{ (COSQ' e+e'}°°5(7”“—"4t)'f,

e,cos (nt—2nt+ w)

%@ﬁ_ecos(n‘t—’w‘){— ecos(2nt——n,t—w)+
l

* The notation is slightly changed from that used before.
1 £ and ¢, which accompany z ¢ and », ¢ are omitted for convenience.



IN PHYSICAL ASTRONOMY. 295

3 m, 3ma g 3 m, ee,c08 (2] tmmm)) General ex-

i/ pression for
the develop-

cos 3nt—nt—2m) —

=t 8 egcos(nt+n,t—2w) +

+-—-«ee,cos(2nt—-2n,t-—-w+w,)+‘?"ZT-7;—‘—e, cos(nt—3nt+2m) ment of R.
g

+g”’a e, cos(nt+n,t—2w,)+ sin*‘—z'cos(nt+n‘t—-2v,)

+m/2{—~——+4—&‘—9m2—- (”3,5-1 +bs,i+l)

+ ‘-‘——(e—_‘"—el—) ((31.—— Dbg; _q=— (3z+ 1)631+1)}cosz(nt-—n,t)
+m,S Ll SR L i (nt—nt) +nt
1 09' 3,;...1 2(1/3 3’i+4—\7,-é 3, + 1 €Cos z(n —-n, )+ nt —w

3 a 1 a ,
+m,2{ iy bgi1— 7a, bs,i - Zﬁil_ebs:i-kl}e‘cos (z(nt-—n,t)+n,t—-w,)

f @49 a A+i) @@
+m12{— 16 a3 si=1 7 g gl

+ (8_;-bgl)ag631+1}egcos(i(nt—n,t)+2nt—2w)

B+99)a b i
8 (Tz S,i—l—;l;

+m 3 bg,;

(l;") a 53ﬂ+1}ee,cos<i(nt-—-n,t)+nt+n,t-'—w-—w,)

Si)ab

a7 51

3(l+z) a
8

—}-71;2{(8—91)(1 +(l_2)bs,z

3’l+1}ee,cos( (nt—nt) + "t—n,t—'w+w,)

a2 3 —1

(21—6-1)a263>’+l}elgcos(i("t"'nlt) -+ 2n,t—2wl)

—-m,zé%lébs’i_ lsinﬂiz‘.cos (z (nt—mnt) + 2n,t — 2v,)

i being every whole number, positive and negative and zero, and observing
that by, = bm,—n. Considering only the terms multiplied by e and e,

r( )._ -—3—@ iecos(nt—

MDCCCXXXI. 2 Q

@)
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+ —2@% ecos(nt—2nt+ =)
[
+ml2{ iay .|~(1_“*'_2_Qa$z,3’t

4 ap -1 2

:izaag b3‘+l}ecos(z(nt-n,t)+nt—-w)

a
12{'— +1) 8,|—I+ 68,0

= 4—0 ”8.i+1}e4°°8 (i(nt—n,t) + 11,t—wl)

a m, n2 2n 1 } a _ _
T T T e Bru—ny(n—n) 2n—n, P ﬁec_os(2nt_ mt— )
LT L Secos(nt — =
w2 —n)(n+n)aq (m, )
m n® 2n }1‘2 e
+ };‘ﬂl @n—2n) \(n—=2n) + 1 as gcos(nt—2nt+ w)
+3 " [ i(ﬂ—n,)+n)
(i(n—n,) +2n)i(n—n‘) 1 D 2r;*
_m 2(1+d)n [ a® _a a2 }
'{ iln—mn)+n 4aﬁb$ﬂ'-1 Q‘Eﬁbs,i+4aeb3,.+1

i a2 142 3ia .
- ':i'aijé bS,z— 1 +( + i) asbﬁ:t T Bbs’i_i_l}}ecos (z(nt-—-n,t)+nt-—w)

m, n? 2in 3a®

= - = b,
+ m E(l—i)(n—n,) ((i+1)(n_nl)+2n‘){z(n—-n,)+n, dap %i—1

4, } 3(l+12a_"bg'__l

2a, 3t 402 3;-{-1

— 2 .t )
+ = s,z+ (l ) :gbs,i+l} e, cos (z (nt—n,t)+n,t—»w,)

A= {3 n }_ -
2n,9+n,(n—n,) [ e sin (¢ — )
n n? m; a® .
— »ne —_ b -
{(2n—n‘ (2n—-—n,)(n—n,)}pa“esm(znt n, w)
2n®  m a®

m e,sm(nt—-2n‘t+‘m‘)
i

* r, being the coefficient of cos (i (nt—n, t)) in the expression for =,
r
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n T m,ni a? as

FVSNT S Y (A — e, e,
= 2 l"(i(n-—m)+n) def W1 2ap

mn _ ‘e )

4ag 3,,+1)+ p«(n—n,) a bﬂ esin (z(nt nt) +nt—w

n m, nt 3 a? a
— e d 2R ( = by e by
z(n—n,)+n,{ l"(i (o n,)+n,) d ap =17 g %

+2

2 . .
— 4"(:1‘3 68,;' -+ l) e, sin ('l (nt —n, t) + ”l t __w’)
Ifa > a,and

{l —%cos@+%-; —%=§b,,o+b,,lcos6+b,,§cos20 + &ec.

{l — %.cose + 0—:1'; Ty by + bs,y cos 8 4 by o820 + &e.

the value of R may be easily inferred from the value which it has in the former
case. Considering only the terms multiplied by the eccentricities

(gf‘) _g'_@_ecos(nt—-’W)-i- 96003(2’”—"1"‘“)

+ ;';i‘(%e,cos(nt——Zn,t—f-w‘)

i 142
+m12{-‘z"ag 3,1—-1+( + z)bs,z

3;;{ 3ﬂ_}.]}ecos((nt----n,t)-}~nt----‘r.zr)
3(141%) e ta2
+"‘:2{—~—(—~—-—)- — bsi 1 o+ 5 bsi

!l_i‘_’) Z:bs"_{_l}e,cos (i(nt—n,t) +n,t—-'w,)

All these expressions are to a certain extent arbitrary, on account of the
equation which connects bg; _ 1, by, and by; |,

2i41) a z(a‘3+aﬁ) 2i—1) a
—b b
2 a 3,3-{-1— 2 3,:—1

t r* being the coefficient of the cosine of the same argument in the expression for —f:- and excluding

the case of i = 0.

2Q2



298

MR. LUBBOCK’S RESEARCHES IN PHYSICAL ASTRONOMY.

The reader is requested to make the following corrections.

: . v
Page 50, line 4, read q6=—_2"-?'_£‘2 + ?%b 0 - 2-0-‘5-553,1 + Z%‘ibw
i ]

Page 53, line 3, read = {Za bs6 - Ia 9— b, ,}

Page 247, line I, read A= n ¢
4+ A,sin2t¢
4+ eA,sinx
+ eagsin (2¢ — )
4 eA,sin (2¢ +2)
+ ¢ A;sinz &c. &c.
for A=nt
+ A, co82¢
4+ ergcosz &c, &e.

Page 254, line 1, read — % e?ecos (2t + 22 + 2)

[257 [30]

Page 260, line 6, read + {3 —_ %} eecos (x— z—2y)

[89]
Page 262, line 6, read — %geeﬁ cos (2t+4 r—32)

(58]
Page 265, line 1, read 4 gfese cos (2t +3x2+ 2) + 33 73 eae,cos Bz —2)
8 64dap a’
[43] [44]

Page 274, line 6, read + {2 ry 41— {m_g—m—-a &

3

Page 274, line 7, read + { 2r, 41, — {_- ra—s

Page 291, line 9, read + —i -‘-’- se°cos (t 4 22)

Page 294, line 20, read + cos @2nt—mnt—w) + e, cos (nt— 2n,¢ + w)



